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Abstract

In this study, a number of notable physical anomalies concerning non-Fourier heat conduction under the dual-phase-lag (DPL) model
are observed and investigated. It is found that, during the transient heat transfer process, the over-diffusion mode predicts a ‘‘hyper-
active” to ‘‘under-active” transition in thermal behavior. The main cause behind it lies in the time-varying effect of sT (the phase lag
of the temperature gradient) on the thermal response. Also, change of polarity in reflected thermal waves can be observed when a con-
stant-temperature boundary is involved, which hints that a heating process may be followed by a spontaneous cooling effect. A fairly
strong connection is present between the sT-induced dispersive effect and an unusual thermal accumulation phenomenon in an on–off
periodic heating process. Furthermore, a paradox involving a moving medium is detected in the DPL model, which can be solved by
replacing the temporal partial derivatives in the DPL equation with the material derivatives. During the process of analysis, a high-order
characteristics-based TVD scheme is relied on to provide accurate and reliable numerical simulations to the DPL heat conduction equa-
tion under various initial-boundary conditions.
� 2007 Elsevier Ltd. All rights reserved.

Keywords: Non-Fourier heat conduction; Dual-phase-lag model; Total-variation-diminishing scheme; Physical anomalies
1. Introduction

After witnessing a myriad of substantive and compre-
hensive breakthroughs in the science of heat transfer in
the past century or so, Fourier’s law of heat conduction
remains as one of the few empirical theories that are solely
based on experimental observations and, at the same time,
enjoying a large variety of applications in daily engineering
practice nevertheless. Despite the fact that, Fourier’s law
implies that thermal signal travels at an infinite velocity
when combined with energy conservation equation, it is
fair to say that the classical heat conduction model yields
excellent descriptions of various thermal transportation
behaviors in a single-phase medium under most circum-
stances. However, when it comes to high-rate heating pro-
cess (duration time on the order of femtoseconds) [1] or
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helium cryogenic engineering (near absolute zero) [2], the
wave nature of heat conduction which is displayed in these
situations, such as sharp wave front and finite velocity of
thermal propagation, dismisses Fourier’s law completely
incapable—if not useless—to provide reasonable and
decent predictions that capture these non-Fourier effects.

To alleviate this physically unrealistic notion of instan-
taneous energy diffusion, Cattaneo [3] and Vernotte [4] pos-
tulated a modified Fourier’s law, commonly known as the
thermal wave model, which in essence hypothesizes that
there exists a time delay between the temperature gradient
imposed and the heat flux to generate. This newly-devel-
oped hyperbolic heat conduction model, to some extent,
fills the holes in the theoretical foundation of the classical
diffusion theory and shows a great amount of promise of
superseding it when extreme situations are involved (ultra-
short period of time, small domain, exceedingly sharp tem-
perature gradient or very low temperature) [5–9]. However,
discernible discrepancies between theoretical predictions
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Nomenclature

cp specific heat capacity at constant pressure
E vector defined in Eq. (10)
F vector defined in Eq. (10)
G vector defined in Eqs. (12c) and (44)
k thermal conductivity
L characteristic length
n number of period in Eq. (25)
P duration of period in Eq. (25)
q heat flux
q heat flux vector
Q dimensionless heat flux
r spatial vector
S vector defined in Eq. (10)
t time variable
T temperature
Tr reference temperature
u velocity
u velocity vector
U dimensionless temperature
v relative velocity vector of a moving frame to a

medium in motion
V velocity vector of a moving frame
W vector defined in Eqs. (12a) and (42)

x spatial variable
Z dimensionless phase lag

Greek symbols

a thermal diffusivity
b dimensionless time
h dimensionless temperature in a moving frame
K dimensionless velocity of a moving medium
kj eigenvalue, j = 1,2
n dimensionless spatial variable
P density in a moving frame
q density
s phase lag
v dimensionless spatial variable in a moving frame
v spatial vector in a moving frame
W dimensionless heat flux in a moving frame
W heat flux vector in a moving frame
X temperature in a moving frame

Subscripts

q heat flux
T temperature gradient
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and experimental results [10], along with lacking in firm
physical basis to support [11], leave the validity of the ther-
mal wave model open to debate. As opposed to the ‘‘crisis”
encountered in the application of the hyperbolic heat con-
duction model, the two-step model pioneered by Anisimov
et al. [12] and the pure phonon field in dielectric crystals
successfully obtained by Guyer and Krumhansl [13] helped
shed light on the mechanism of the non-equilibrium ther-
modynamic transition and the energy exchange on the
microscopic level. To incorporate these microscopic effects
into a macroscopic description (that most practicing engi-
neers are more acquainted with), Tzou [14] proposed the
widely-celebrated dual-phase-lag (DPL) model. This uni-
versal model is claimed to be able to smoothly bridge the
gap between the microscopic and the macroscopic
approach, covering a wide range of heat transfer models
(reducing to the classical diffusion model, the controversial
thermal wave model, the two-step phonon–electron inter-
action model for metals, and the pure phonon scattering
model for insulators, semiconductors and dielectric films,
simply by adjusting the value of sq and sT, the two primary
time relaxation parameters in the governing equation).

Recently the DPL heat conduction model has stimulated
considerable interest in the heat transfer community, by
offering alternative interpretations and new perspectives
to a large body of non-Fourier thermal behaviors in energy
transportation process under special considerations, such
as heat conduction in biological materials [15], heat trans-
port in amorphous media [16] and layered-film heating in
superconductors, fins and reactor walls [17]. Needless to
say, numerous efforts have been invested to the develop-
ment of an explicit mathematical solution to the heat con-
duction equation under the DPL model: Tzou et al. [18]
solved the one-dimensional initial-boundary value problem
with a surface temperature-jump disturbance through
numerically computing the inverse Laplace transformation
integral with Riemann sum approximation. Antaki [19]
derived a solution for transient temperature in a semi-infi-
nite slab subjected to a constant surface heat flux by first
using the Fourier sine transformation to eliminate the
space-derivatives and then taking the Laplace transforma-
tion to remove the time-derivatives in the heat conduction
equation. Tang and Araki [20] obtained the temperature
distribution in a finite slab with an energy source near
the surface using Green’s function method and finite inte-
gral transformation technique. Liu [17] relied on a hybrid
application of the Laplace transformation method and a
control-volume formulation to analyze the DPL effect on
the heating in two-layered thin films with an interfacial
thermal resistance. Most of these analytical solutions to
the DPL heat conduction problems in the literature were
formulated ad hoc, only applicable to specific formulations
of initial-boundary conditions. Other than the notoriously
annoying fictitious numerical oscillations frequently
encountered in solving hyperbolic partial differential equa-
tions (HPDE), the intrinsic complexity of the DPL heat
conduction equation alone (high-order mixed derivative
with respect to space and time) poses a tremendous hinder-
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ing obstacle against a general solution. Whenever a compli-
cated geometry or a variable physical property is involved,
numerical solution is always considered the best (and
maybe the only) option.

The present work employs a purely numerical explicit
TVD (total-variation-diminishing) scheme—which is for-
mulated based on the method proposed by Yang [21] in
his investigation of the thermal wave equation—to solve
the DPL heat conduction equation under various initial-
boundary conditions. Calculations are performed to exhi-
bit a number of the physical irregularities concerning the
DPL thermal behavior that the classical diffusion theory
or the thermal wave model fails to capture. In-depth anal-
yses are included accordingly to offer possible mathemati-
cal or physical interpretation to these anomalies.

2. Mathematical formulation

Fourier’s law of heat conduction states that the heat flux
is directly proportional to the temperature gradient at any
time and at any point in the medium:

qðr; tÞ ¼ �krT ðr; tÞ ð1Þ

To account for the micro-scale effect such as the pho-
non–electron interaction, the DPL model introduces two
phase lags, also known as the relaxation times, to both
the heat flux and the temperature gradient. The corre-
sponding macro-scale lagging behavior is thus described as

qðr; t þ sqÞ ¼ �krT ðr; t þ sT Þ ð2Þ

This constitutive equation dictates that the temperature
gradient established at a position r at time instant t + sT

causes the heat to flow at a different instant of time
t + sq. Mathematically speaking, the heat flux precedes
the temperature gradient for sq < sT, whereas the tempera-
ture gradient precedes the heat flux for sq > sT. From a
physical point of view though, the case sq < sT is suspected
to lead to some unacceptable conclusions, which is one of
the major theoretical controversies hovering over the valid-
ity of the DPL model. As Zhou et al. [22] strongly criti-
cized, the DPL model might violate the second law of
thermodynamics when sq < sT, implying that heat flows
from a low-temperature region to a high-temperature re-
gion spontaneously. Such a seemingly non-physical notion,
however, can be well explained and corroborated by the
non-equilibrium entropy production theory [23]. More-
over, a large part of the applications of the DPL model
are, as a matter of fact, specifically related to the case
sq < sT, such as the ultrafast pulse-laser heating on metal
films [24]. Therefore, we allow the case of sT being greater
than sq in part of this investigation, although the majority
of our concentration still focuses on the unique features of
the DPL model under the condition sq > sT.

The phase lags sq and sT are both positive-valued intrin-
sic properties of the material in question (for instance,
sq = 0.1670 ps and sT = 12.097 ps for Pb [14], whereas sq

is estimated to be 61.18 ps and sT less than 0.005 ps for
solid He4 [20]). Taking a first-order Taylor series expansion
on the both sides of Eq. (2) with reference to t yields

qðr; tÞ þ sq
oq

ot
ðr; tÞ ¼ �k rT ðr; tÞ þ sT

o

ot
½rT ðr; tÞ�

� �
ð3Þ

Combining Eq. (3) and the energy conservation equation
with constant thermal properties and no heat source, given
as below

qcp
oT
ot
ðr; tÞ þ r � qðr; tÞ ¼ 0 ð4Þ

results in the T representation of the DPL heat conduction
equation

r2T þ sT
o

ot
ðr2T Þ ¼ 1

a
oT
ot
þ sq

a
o2T
ot2

ð5Þ

where a = k/(qcp) is the thermal diffusivity. Eq. (5) is a
rather complicated partial differential equation which illus-
trates various physical characteristics depending on the
selection of sq and sT. By comparing with the classical dif-
fusion equation (sq = sT = 0), it is evident that the phase
lag of the heat flux sq is responsible for the wave nature
of non-Fourier heat conduction. On the other hand, the
phase lag of the temperature gradient sT brings an addi-
tional diffusion-like feature into the thermal wave equation
(sT = 0 and sq 6¼ 0).

For one-dimensional problems, Eqs. (3) and (4) takes
the form as

qðx; tÞ þ sq
oq
ot
ðx; tÞ ¼ �k

oT
ox
ðx; tÞ � ksT

o
2T

otox
ðx; tÞ ð6Þ

qcp
oT
ot
ðx; tÞ þ oq

ox
ðx; tÞ ¼ 0 ð7Þ

By introducing the following dimensionless quantities:

n ¼ x=L ð8aÞ
b ¼ ta=L2 ð8bÞ
U ¼ ðT � T rÞ=T r ð8cÞ
Q ¼ qL=kT r ð8dÞ
Zq ¼ sqa=L2 ð8eÞ
ZT ¼ sT a=L2 ð8fÞ

Eqs. (6) and (7) can be rewritten in the dimensionless vector
form as

oE

ob
þ oF

on
¼ S ð9Þ

where

E ¼
ZqQ

U

� �
; F ¼

U

Q

� �
; S ¼ �Q� ZT

o2U
onob

0

" #
ð10Þ

Following the steps of diagonalization based on eigen-
values described thoroughly in [21], we can reformulate
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Fig. 1. Comparison between the spatial temperature distributions
obtained by the present numerical method and the analytical solution
regarding the 1-D problem with initial-boundary conditions defined in
Eqs. (13)–(15) at b = 0.05 for Zq = 0.05 and various ZT values.
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the above vector equation into two separately independent
equations

oW j

ob
þ kj

oW j

on
¼ Gj; j ¼ 1; 2 ð11Þ

with the new variables defined as

W 1

W 2

� �
¼

1
2

ffiffiffiffiffi
Zq

p
Qþ U

� �
1
2

U �
ffiffiffiffiffi
Zq

p
Q

� �
" #

ð12aÞ

k1

k2

� �
¼

1=
ffiffiffiffiffi
Zq

p
�1=

ffiffiffiffiffi
Zq

p
" #

ð12bÞ

G1

G2

� �
¼

�1

2
ffiffiffiffi
Zq

p Qþ ZT
o2U
obon

	 

1

2
ffiffiffiffi
Zq

p Qþ ZT
o2U
obon

	 

2
64

3
75 ð12cÞ

The above equations can be readily solved by the high-or-
der TVD scheme with Roe’s superbee limiter function, the
detail of which can be found in [21].
3. Validation of the numerical method

Before presenting the uncommon phenomena observed
in the heat transfer process in the framework of the DPL
model, we need to test the validity of this adopted TVD
scheme in solving the DPL equation. The basic idea of
the TVD scheme is to combine the low-order and high-
order finite-difference schemes. It guarantees second-order
accuracy in the smooth part of the solution where the tem-
perature variation is relatively gradual, and automatically
switches to the first-order scheme whenever sharp disconti-
nuities are involved, thus avoiding spurious numerical
oscillations. Traditionally employed for the numerical
investigation of the well-known thermal wave heat conduc-
tion equation (sT = 0), the present numerical scheme is
reported to be effective and reliable in capturing non-Fou-
rier features [21,25]. Yet its applicability in solving the DPL
model has not been justified. A comparison between the
numerical solution employing the TVD scheme and the
analytical solution available in the literature regarding
the same one-dimensional heat conduction problem
(0 6 n 6 1, b > 0) is conducted. The initial-boundary con-
ditions are given as follows

U ¼ 0 and
oU
ob
¼ 0 at b ¼ 0 ð13Þ

U ¼ 1 at n ¼ 0 ð14Þ
Q ¼ 0 at n ¼ 1 ð15Þ

The results are plotted in Fig. 1. It is fairly obvious that
the present numerical predictions of the spatial tempera-
ture distributions with a wide range of ZT variation (from
0 to 0.5) at the instant b = 0.05 are in perfect agreement
with those obtained by Tzou [14], which justifies the cred-
ibility and reliability of the TVD scheme in solving the
DPL heat conduction equation.
Additionally, distinct transitions with increasing ZT in
transient thermal response can be clearly observed in
Fig. 1, from wave (ZT = 0) to wavelike (0 < ZT < Zq) to dif-
fusion (ZT = Zq, since no phase lag exists between the tem-
perature gradient and the heat flux, which according to [14]
is the more general condition for reduction to diffusion in
absence of an initial temperature rate) to over-diffusion
(ZT > Zq), in accordance with Tang and Araki’s classifica-
tion [20]. When ZT = 0, the temperature curve corresponds
with the prediction of the classical thermal wave model. As
shown in Fig. 1, a sharp temperature jump defines the ther-
mal wave front, beyond which the temperature remains
undisturbed. As ZT increases, the effect of sT starts to influ-
ence the heat conduction process, smoothing the tempera-
ture wave front and stretching the thermal-affected region
deeper into the medium. Strictly speaking, there is no ther-
mal waves present at this time, because the corresponding
DPL equation (Eq. (5)) is essentially parabolic just like
the pure diffusion equation and consequently suffers from
the same conceptual pitfall, which is energy travels at an
infinite velocity. Nevertheless, in a broader sense, we still
refer to this particular kind of temperature distribution as
thermal waves, as long as ZT < Zq (when the wave features
are yet observable in the heat transfer process). Once ZT

exceeds Zq, all wave features of heat conduction disappear,
and a diffusion-like thermal behavior—which noticeably
deviates from the classical diffusion theory’s prediction
(see Fig. 1)—becomes dominant. This phenomenon will
be discussed at length in the next section.
4. Results and discussion

4.1. Diffusion versus over-diffusion

As Fig. 1 shows, the temperature level of over-diffusion
(ZT > Zq) exceeds that of diffusion (ZT = Zq) at b = 0.05.
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In other words, it seems that positive difference between ZT

and Zq results in an exceptionally rapid thermal response
to the change of left-end boundary condition (U = 1 at
n = 0) at early time. As time elapses, however, the temper-
ature under the diffusion mode eventually ‘‘overtakes” that
under the over-diffusion mode at b = 1 in achieving the
ultimate thermal equilibrium state, which happens to be
unity of temperature at every point in the medium in this
case (see Fig. 2). As far as temperature level goes, the term
‘‘over-diffusion” turns out to be somewhat a misnomer for
the case ZT > Zq since the highly sensitive thermal behavior
only last for a short period of time. Its promoting effect on
the heat transfer is well offset by the thermal ‘‘inertness”

manifested at a later stage. This odd ‘‘hyper-active” to
‘‘under-active” thermal behavior in connection with the
so-called over-diffusion has been reported by Tzou [14]
and Tang et al. [20]. But neither gives any convincing
explanation regarding its underlying causes. We now
attempt an interpretation to this phenomenon from a
mathematical point of view.

Inspired by Kulish and Novozhilov’s elegant treatment
to the DPL equation [26], instead of the approximation
form, we start the process of analysis with the general form
of the constitutive DPL relation, Eq. (2). With the one-
dimensional configuration, the constitutive equation
becomes

qðx; t þ sqÞ ¼ �k
oT
ox
ðx; t þ sT Þ ð16Þ

Since sT is larger than sq in the over-diffusion mode, Eq.
(16) can also be written as

qðx; t þ sT Þ ¼ �k
oT
ox
½x; t þ sT þ ðsT � sqÞ� ð17Þ

With the observation time shifting from t to t + sT, the en-
ergy conservation equation is given as

qcp
oT
ot
ðx; t þ sT Þ þ

oq
ox
ðx; t þ sT Þ ¼ 0 ð18Þ
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Fig. 2. Spatial temperature distributions regarding the 1-D problem with
initial-boundary conditions defined in Eqs. (13)–(15) at b = 1 for
Zq = 0.05 and various ZT values.
Substituting Eq. (17) into Eq. (18) and eliminating the heat
flux q yields

qcp
oT
ot
ðx; t þ sT Þ ¼ k

o
2T

ox2
½x; t þ sT þ ðsT � sqÞ� ð19Þ

With the new time variable defined as t* = t + sT, expand-
ing the above equation with reference to t* leads to

qcp
oT
ot
ðx; t�Þ ¼ k

o2T
ox2
ðx; t�Þ þ ðsT � sqÞ

o

ot
o2T
ox2
ðx; t�Þ

� �� �
ð20Þ

Compared with the classical diffusion equation with obser-
vation time t*

qcp
oT
ot
ðx; t�Þ ¼ k

o2T
ox2
ðx; t�Þ ð21Þ

it has been made clear that the primary difference between
the DPL conduction and the classical thermal diffusion lies
in the extra term on the right side of Eq. (20), which is fac-
tored by (sT � sq). When sT equals sq, the DPL equation
reduces to the identical form to the diffusion equation,
which is consistent with Tzou’s notion [14] that without
any heat source, the more general condition for the reduc-
tion of the DPL model to diffusion should be taken as
sT = sq.

As a result of the current set of the initial-boundary con-
ditions in question (the left-end temperature experiencing a
sudden step change while the right-end boundary kept
insulated), no energy loss is expected to occur at both
boundary surfaces. Guaranteed continuous increase of
temperature in the medium results in the downward con-
vex-shape of the spatial temperature distribution curves
(since the second-order spatial derivative of temperature
assumes positive value, see Eqs. (20) and (21)). At the early
stage of the heat conduction, the temperature distribution
in the medium, in response to a sudden temperature rise
at the left-end boundary (U = 1 at n = 0), evolves from
the initial isothermal state (or an horizontal straight line,
U = 0 at b = 0) to the crescent shape which is consistent
with the positive second-order spatial derivative. Hence,
the time rate of change of the second-order spatial deriva-
tive of temperature most certainly assumes positive value.
Given the fact that sT is larger than sq for over-diffusion,
the extra term on the right-side of Eq. (20) thus contributes
as ‘‘a thrusting force” to the heating process in the medium
(increasing the time rate of temperature rise). On the other
hand, as the medium temperature approaches its ultimate
thermal equilibrium (U = 1), the temperature curve is once
again reaching a uniformity similar to the initial state. Due
to the process of reversing, the time rate of change of the
second-order spatial derivative of temperature must
assume negative value instead. This time the extra term acts
as ‘‘a dragging force” to the so called over-diffusive heat
conduction (practically slowing down the process of tem-
perature rise). Fig. 3 displays the variation of the second-
order spatial derivative of temperature versus time at the
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midpoint of the medium (n = 0.5) under the diffusion mode
(ZT = Zq). It explicitly shows that the second-order spatial
derivative experiences a slope change from positive to neg-
ative, which is consistent with our previous discussion. In
Fig. 4, it shows the time-history of the local temperature
evolution at n = 0.5. It is obvious that the course of tem-
perature rise goes through a phase of gradual ‘‘slowing-
down” after a brief but significant ‘‘spike”.
4.2. Inverted-reflection phenomenon

The phenomenon of reflection is one of the most fasci-
nating features of the classical thermal wave propagation.
Especially for thermal processing of layered media, the
transmission–reflection phenomenon between dissimilar
materials has drawn a fair amount of attention [17,27].
Since the classical thermal wave hypothesis is a special case
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Fig. 4. Temperature versus time regarding the 1-D problem at n = 0.5 for
Zq = 0.05 and various ZT values with initial-boundary conditions defined
in Eqs. (13)–(15).
of the DPL model (sT = 0), certainly the wave reflection
phenomenon merits a place in our investigation of the
DPL heat conduction under the generalized wave mode
(sT < sq).

Consider a one-dimensional slab with the same initial
thermal condition as defined in Eq. (13). At b = 0, a
short-duration heat pulse enters the medium from the
left-end boundary

Q ¼ 2 at n ¼ 0; 0 < b < 0:05 ð22Þ

At the right-end boundary, two different boundary condi-
tions are given as

U ¼ 0 at n ¼ 1 ðzero temperatureÞ ð23Þ

and

Q ¼ 0 at n ¼ 1 ðzero heat-fluxÞ ð24Þ

It should be noted that the zero-temperature condition
here essentially indicates constant temperature at the right
boundary since U is directly proportional to the difference
between the medium temperature and the reference temper-
ature. Figs. 5 and 6 demonstrate the spatial temperature
distributions of the incoming thermal waves and the
reflected waves with the zero-temperature and the zero-
heat-flux right-end boundary conditions, respectively. Sur-
prisingly, two distinct patterns of reflection are observed:
Regardless of ZT, whereas positive reflected thermal waves
are bounced off the adiabatic boundary (the zero-heat-flux
boundary) as expected (see Fig. 6), the zero-temperature
boundary produces ‘‘inverted” temperature wave fronts
of the reflected thermal waves (which in essence means that
the reflected thermal waves assume temperature of the
opposite polarity to the incoming ones as though they were
turned upside down, as shown in Fig. 5). As odd as it
sounds, this notion implies that, if the temperature of the
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other end is maintained constant, the heating process in a
finite medium, a one-dimensional slab for example, might
as well end up cooling instead! In theory, one of the phys-
ical applications of this unusual feature is that the general-
ized cooling effects could be achieved without resorting to a
heat source of lower temperature. It is worth noting that
such singularity should not be confused with the anoma-
lous results reported by Haji-Sheikh et al. [28] regarding
the interaction of a thermal wave front and a boundary.
As demonstrated in detail in [28], a sharp wave front arriv-
ing at an insulated boundary may lead to physically unac-
ceptable results such as a temperature drop due to heating,
which is believed to be an intrinsic mathematical flaw in
analytical solutions to the thermal wave propagation in
general. In our investigation, however, the inverted-reflec-
tion phenomenon in question, as will be analyzed and dis-
cussed below, is an inherent physical characteristic of the
DPL thermal behavior instead.

In contrast, the spatial distributions of the heat fluxes
with the same conditions are displayed in Figs. 7 and 8.
The exactly opposite conclusion can be drawn: The
reflected thermal waves assume positive heat flux value in
the case of the zero-temperature boundary (see Fig. 7),
while negative heat fluxes appear when the boundary is
assumed to be adiabatic (see Fig. 8).

A simple and illustrative analogy can be drawn between
thermal waves and mechanical waves regarding the reflec-
tion phenomenon. Likewise, there exist two dissimilar
boundary conditions for mechanical waves also: fixed-end
and free-end. At the fixed-end boundary, the local displace-
ment is supposed to be zero. As can be seen in Fig. 9a and
c, the reflected waves take on two different kinds of wave
shape. To be specific, the reflected wave for displacement
appears to be the ‘‘inverted” image of the incoming wave
(see Fig. 9a), while the reflected wave for stress remains
in every aspect symmetrical to the incoming one (see
Fig. 9c). To help understand this singularity intuitively,
one needs to imagine the reflected wave propagates toward
the boundary from outside of the medium, making contact
with the incoming wave at the boundary. As the fixed-end
boundary is applied, the reflected wave front ought to
assume the same amplitude of displacement from the equi-
librium position as the incoming one except with an oppo-
site sign, so as to cancel each other out at the boundary to
comply with the strict zero-displacement requirement. As a
result, the reflected displacement wave and the incoming
wave, in essence, make up a pair of ‘‘inverted” mirror
image as displayed in Fig. 9a. It is noted that because the
stress is directly proportional to the first-order spatial
derivative of the displacement for mechanical waves, the
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reflected wave for stress assumes the same polarity and
shape as the incoming wave (see Fig. 9c). As for the case
of thermal waves, the same line of logic can be readily
applied for the zero-temperature boundary. Since no tem-
perature disturbance is allowed at the zero-temperature
boundary, the reflected temperature wave has to assume
negative value as opposed to the incoming wave, as illus-
trated in Fig. 5.

On the other hand, whenever the free-end boundary is
involved, it is the stress that is demanded to be zero at
the boundary, which leads to the ‘‘inverted” wave shape
of the reflected stress wave, as shown in Fig. 9d. Once again
due to the mathematical relation between the displacement
and the stress as mentioned above, consequently it is the
reflected displacement wave that assumes the exact shape
of ‘‘mirror” image of the incoming wave (see Fig. 9b). Sim-
ilarly, one can draw an analogous argument regarding the
thermal wave reflection at the zero-heat-flux boundary.
When the adiabatic boundary is imposed, the heat flux—
rather than the temperature—of the reflected wave should
assume the opposite polarity (see Fig. 8). The comparison
between thermal waves and mechanical waves is summa-
rized in Table 1.
It is quite interesting to note that when the zero-temper-
ature boundary is applied, the heat fluxes for both the
incoming thermal waves and the reflected waves are posi-
tive even though the energy transfer obviously alters its
direction after the reflection incident from the boundary,
as shown in Fig. 7. Unlike under the classical diffusion
model, there seems to be no direct correlation between
the sign of heat flux and the direction of energy transporta-
tion in a one-dimensional DPL heat conduction process,
especially for a short-duration pulse-shaped surface ther-
mal disturbance as is in this case study. In other words,
the reflected thermal waves under such conditions do not
necessarily assume negative heat flux values.

In the classical diffusion theory, the straightforward and
direct mathematical relation between the heat flux and the
temperature gradient (see Eq. (1)) not only results in
smooth and continuous distributions of temperature in
space, but also produces a rather simple connection
between the sign of heat flux and the direction of energy
transmission. Positive heat flux leads to negative tempera-
ture gradient, which according to the thermodynamics sec-
ond law causes energy to flow in the positive spatial
direction (high temperature to low temperature).



Table 1
Summary of analogy between the reflection phenomenon of thermal waves and mechanical waves

Thermal waves Mechanical waves

Mathematical aspect

Governing equationa ð1=aÞoT=ot þ ðsq=aÞo2T=ot2 ¼ o2T=ox2 þ sT oðo2T=ox2Þ=ot o2u=ot2 ¼ c2o2u=ox2 b

Variables Temperature, T Displacement, u

Heat flux, q Stress, Fc

Physical aspect

Reflection pattern at the
boundary

Change of wave polarity for temperature at the zero-
temperature boundary

Change of wave polarity for displacement at the fixed-
end boundary

Change of wave polarity for heat flux at the adiabatic
boundary

Change of wave polarity for stress at the free-end
boundary

a Only one-dimensional form is given.
b u is the longitudinal displacement, and parameter c is the wave speed.
c Stress F is directly proportional to the first-order spatial derivative of displacement u.
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In contrast, under the framework of the DPL model, the
relation between the heat flux and the temperature gradient
is far more complicated (see Eq. (3)). As Al-Nimr states in
[23], there is no guarantee that the heat flux and the tem-
perature gradient would assume opposite signs under the
effect of the DPL model, sharply contrary to the prediction
of the classical diffusion theory. Therefore the ‘‘chain-link”

between the sign of the heat flux and the direction of heat
transfer is not valid anymore. In fact, the energy might
even transfer in the direction of increasing temperature,
whose entropy production can only be described by the
non-equilibrium formula [23] so as to comply with the sec-
ond law of thermodynamics. As a result, one simply cannot
determine the direction of heat flow based on the polarity
of the heat flux.

Nevertheless, from the cognitive information gathered
in Figs. 5–8, a plainly qualitative relation between the tem-
perature, the heat flux and the direction of heat transfer in
this example can be briefly deduced a posteriori. By com-
parison, it seems that the heat flux positivity firmly depends
on the direction of energy transportation and the sign of
thermal wave temperatures. Assuming the direction along
the n-axis to be positive (i.e., from left to right), it is con-
cluded that, regardless of ZT, positive heat flux corre-
sponds to the combination of being both positive in
temperature and direction of propagation or neither (see
Figs. 5 and 7), while negative heat flux only manifests itself
if either temperature or direction of energy propagation
turns negative (see Figs. 6 and 8).
4.3. Thermal accumulation induced by sT-related dispersion

Thermal concentration, i.e., the abrupt increase of tem-
perature near the boundary due to the superposition of
incident wave and reflective wave, is a phenomenon of
enormous controversy surrounding the thermal wave
model (sT = 0) (Tzou [14] points out that the temperature
overshooting due to the arrival of a thermal wave front
results from mathematical idealization since the physical
scale for this phenomenon to actually happen is beyond
the continuum hypothesis. Nevertheless, he admits himself
that it is consistent with the mathematical model of the
classical thermal wave conduction). We now demonstrate
that, in the framework of the DPL model, there exists a
thermal accumulation phenomenon, which is associated
with the phase lag of the temperature gradient sT and fun-
damentally different from thermal concentration in that it
is dispersion-induced. To the authors’ best knowledge, this
phenomenon has not been reported in the literature.

Consider a semi-infinite region with an initial condition
as defined in Eq. (13) and a periodic on–off thermal distur-
bance imposed on the surface

Q ¼
2 ðn� 1ÞP < b < ðn� 0:5ÞP

at n ¼ 0

0 ðn� 0:5ÞP < b < nP n ¼ 1; 2; 3 . . .

8><
>:

ð25Þ
U ¼ 0 n!1 ð26Þ

with n representing the number of period. We choose the
duration of each period P to be 0.1.

Fig. 10 shows the temperature distributions for Zq = 1
and various ZT values. When ZT = 0, distinct characteris-
tics of thermal wave are preserved as ten thermal pulses
propagate into the region from the left boundary (see
Fig. 10a). As ZT increases, the initial shapes of thermal
pulses are gradually deformed (see Fig. 10b–d). The phase
lag of the temperature gradient sT causes strong attenua-
tion to the sharp wave fronts through conduction. In addi-
tion, the locations of the temperature peaks (local
temperature maxima) remain the same regardless of the
value of ZT, which implies the general speed of thermal
wave propagation is independent of sT.

It needs to be reiterated that technically the thermal sig-
nal at this moment travels at an infinite velocity. As noted
before, the DPL heat conduction with non-zero sT is effec-
tively parabolic such that any thermal disturbances is
immediately felt everywhere in the medium. Yet strong
wave features are still visible when sT < sq, which can be
clearly seen in the previous section (Figs. 5–8). To under-
stand this conceptual conflict, it is assumed that there coex-
ist simultaneously two different processes in the DPL
heat conduction [22,29]: Fourier-type fast process and
Cattaneo-type slow process. The Cattaneo-type process,
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associated with sq, corresponds to the classical thermal
wave propagation and represents the wave feature in the
DPL diffusion. The term ‘‘thermal wave propagation veloc-
ity” in our investigation, such as the speed of the tempera-
ture peaks mentioned above, is strictly related to this
process. On the other hand, the Fourier-type process, asso-
ciated with sT, introduces an extra diffusive effect to the
DPL heat conduction, which explains the attenuation of the
wave front and the infinite speed of thermal disturbances.

In addition, it can be shown in Fig. 10, the amplitude of
the temperature peaks stays declining along the direction of
the thermal wave propagation with ever-increasing steep-
ness as ZT increases. It is interesting to note, though, that
the amplitude of the temperature troughs (local tempera-
ture minima) rise and fall over space under the effect of
ZT. Namely, the temperature troughs situated in the mid-
dle of the thermal-pulse succession, such as the one
between thermal pulses No. 5 and No. 6, are noticeably
higher than those near the two ends, such as the one
between thermal pulses No. 9 and No. 10, as shown in
Fig. 10b–d. At first glance, it seems paradoxical that the
local temperature minima do not assume a monotonic dis-
tribution in space as the local temperature maxima do. In
order to reach a better understanding of this phenomenon,
we need to investigate the effect of ZT on the heat conduc-
tion of a single thermal pulse. Fig. 11 displays the separate
propagation of thermal pulse No. 1 in the medium without
any ensuing thermal pulses. A strong wave dispersion
brought about by ZT can be seen in the temperature distri-
butions: When ZT = 0, the thermal wave pattern initially
created is simply translated with damping amplitude as
time elapses. The wave propagation shows of no sign of
dispersion. However, with the increase of ZT, the initial
pulse is gradually deformed as it propagates. The width
of the thermal pulse is considerably expanded, and it ele-
vates the temperature where it would have maintained
undisturbed otherwise, causing a larger heat-affected zone.
In spite of the fact that the wave peak travels at a constant
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velocity determined by Zq, the portion of the pulse in front
of the peak must propagate at a faster velocity while the
portion behind it must propagate at a slower velocity under
the effect of ZT. Spreading of propagation velocity is typi-
cal of wave dispersion.

Therefore, with the on–off type heat flux boundary,
increasing pulse width for non-zero ZT results in the tem-
perature at an arbitrary point not only being influenced
by the most adjacent thermal pulses, but by those in whose
out-stretched heat-affected zone this point resides as well.
This extra temperature ‘‘gain” caused by the diffusive effect
of sT can be dominant where the temperature predicted
under the thermal wave model (sT = 0) is relatively low,
such as at the temperature troughs. Taking advantage of
their locations, the temperature troughs in the middle
may obtain more of this ‘‘extra” temperature increment
than those near the both ends. For example, as shown in
Fig. 11, the heat-affected radius of a single thermal pulse
near the boundary is approximately 0.0825 when
ZT = 0.002. As a result, the local temperature minimum
next to the boundary can only be influenced by those ther-
mal pulses that roughly fall into the radius of 0.0825 cen-
tered at that point for the same ZT, i.e., thermal pulses
No. 9 and No. 10 (see Fig. 10a). In contrast, as shown in
Fig. 11, the heat-affected radius for ZT = 0.002 grows to
0.1275 when the thermal pulse propagate to n = 0.6. This
implies that other than thermal pulses No. 5 and No. 6,
both thermal pulses No. 4 and No. 7 can most certainly
contribute to the increase of the amplitude of the tempera-
ture trough between thermal pulses No. 5 and No. 6 (see
Fig. 10a). It is worth mentioning though, despite the fact
that the heat-affected radius continues to grow when the
thermal pulse reaches n = 1.0 as shown in Fig. 11, the value
of temperature trough between thermal pulses No. 1 and
No. 2 fails to top that between pulses No. 5 and No. 6
(see Figs. 10b–d). It is mainly because of the pre-existing
spatial distribution of the declining temperature troughs
along the direction of thermal propagation without the
influence of ZT as shown in Fig. 10a, which also explains
why the largest temperature trough is not located right at
the midpoint of the succession of thermal pulses (see Figs.
10b–d), but slightly on the left side of it instead. Conse-
quently, the local temperature minima in the middle exceed
those at both ends, and even more so as ZT increases, as
shown in Fig. 10b–d.

From the standpoint of energy transportation, sT-
related wave dispersion prescribes that energy should
transfer at different velocities. That is to say, the portion
that precedes the pulse peak propagates apparently faster
than the portion behind. (Note that, in this fashion, the
assumption of infinite velocity of thermal disturbances in
the framework of the DPL model with non-zero sT can
be perfectly satisfied at an infinitely distant point.) As a
direct result of the difference in propagating velocity, a cer-
tain amount of energy is more likely to be trapped in the
middle of a succession of thermal pulses (see Fig. 10b–d),
causing severe thermal accumulation.

4.4. Moving-medium paradox

Galilean invariance states that fundamental laws of
physics are the same in all inertial frames of reference. This
principle is a basic requirement for any physical model, yet
often overlooked in occasions that involve alternative or
unconventional interpretations to various phenomena in
continuous matter. In hydrodynamic simulation, Galilean
invariance has become one of the major standards any
innovative lattice-based hydrodynamics model needs to
comply with before being considered ‘‘safe” to apply [30].
Likewise, in exploring the pseudo-particle behavior of the
localized surface waves, lack of Galilean invariance could
be a serious issue as well. For instance, Boussinesq’s origi-
nal model for weakly nonlinear long waves was proved to
be problematic as his approximation fails to satisfy Gali-
lean invariance in the moving frame [31].

As for non-Fourier heat conduction, Christov and Jor-
dan [32] stated that if a moving continuum is considered,
the usual form of the thermal wave equation leads to a par-
adoxical result that ultimately violates Galileo’s principle
of relativity. As a newly-developed macroscopic model
designed to incorporate microscopic collision-based effects
(two-step electron–phonon interaction [12], phonon-scat-
tering [13]) in thermal process, the DPL model, in a strong
likelihood, could be susceptible to such theoretical defi-
ciency as well. We hereinafter demonstrate that, if a body
is in motion, the local time derivatives in the DPL equation
must be replaced by the material derivatives so as to guar-
antee Galilean invariance.

In convective heat transfer, the mass conservation prin-
ciple should be taken into consideration

Dq
Dt
þ qr � u ¼ 0 ð27Þ

where
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D

Dt
¼def o

ot
þ u � r ð28Þ

represents the material derivative operator which is fre-
quently encountered in convective heat and mass transfer.
The energy equation neglecting viscous dissipation, inter-
nal heat generation and compressibility effect is given as

qcp
DT
Dt
þr � q ¼ 0 ð29Þ

For convenience of analysis, we consider a one-dimen-
sional medium with constant thermal properties that
moves at a constant velocity u. Directly substituting the
DPL constitutive equation with local partial time deriva-
tives (Eq. (6)) into the convective energy conservation
equation yields

oT
ot
þ u

oT
ox
þ sq

o2T
ot2
þ u

o2T
otox

� �
¼ a

o2T
ox2
þ sT

o3T
otox2

� �
ð30Þ
With the same dimensionless parameters defined in Eqs.
(8a)–(8f) and an additional dimensionless velocity given as

K ¼ uL
a

ð31Þ

the dimensionless form of Eq. (30) is formulated as

oU
ob
þ K

oU
on
þ Zq

o2U

ob2
þ ZqK

o2U
obon

¼ o2U

on2
þ ZT

o3U

obon2
ð32Þ
When K = 0, Eq. (32) reduces to the DPL heat conduction
equation in the resting medium. Now combining the above
governing equation with the initial-boundary conditions gi-
ven in Eqs. (13)–(15)—except that the boundary conditions
are set to be moving with the medium at the same velocity,
i.e., imposed on the moving plane n = Kb—constitutes a
closed initial-boundary value problem. Note that the heat
in the medium always transfers in the positive direction,
from the left end to the right end, to be specific, whereas
the medium itself could move in both directions in regard
to the polarity of K. According to Galilean relativity, the
laws of physics shall remain invariant for every observer
moving parallel with a constant speed along a straight line,
which implies that, in a reference frame which is attached
to the moving medium, the heat conduction process should
be exactly the same as in the resting body. (For instance,
heating a pot of coffee takes the same period of time
whether it is in your kitchen or on a maglev train that trav-
els at 500 km/h).

As an indication whether or not the DPL model com-
plies with Galilean invariance, we conduct the Galilean
transformations to Eq. (32), following Christov and Jor-
dan’s example [32]. In detail, the coordinate system is chan-
ged from the resting frame to a kinetic frame moving with
the medium.
v ¼ n� Kb ð33Þ
b ¼ b ð34Þ
hðv; bÞ ¼ Uðn; bÞ ð35Þ
Wðv; bÞ ¼ Qðn; bÞ ð36Þ

Hence, the mathematical statement of the DPL heat con-
duction problem in the moving frame yields

oh
ob
þ Zq

o2h

ob2
� ZqK

o2h
obov

¼ o
2h

ov2
þ ZT

o
3h

ob2ov
� 2K

o
3h

obov2
þ K2 o

3h
ov3

� �
ð37Þ

The initial and boundary conditions of the problem in dis-
cussion are reformulated as

h ¼ 0 and
oh
ob
¼ 0 at b ¼ 0 ð38Þ

h ¼ 1 at v ¼ 0 ð39Þ
W ¼ 0 at v ¼ 1 ð40Þ

Compared with the governing equation in the resting body

oU
ob
þ Zq

o2U

ob2
¼ o2U

on2
þ ZT

o3U

obon2
ð41Þ

it is obvious that Eqs. (37) and (41) do not share the same
mathematical appearance, nor can Eq. (37) be converted to
Eq. (41) in any way. In Fig. 12, the spatial temperature dis-
tributions corresponding to Eq. (37) at the instant b = 0.5
for different K’s are obtained by employing the same TVD
scheme with renewed variables

W 1

W 2

� �
¼

Wffiffiffiffiffiffiffiffiffi
K2þ 4

Zq

p þ 1
2
þ 1

2
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666664
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where

D ¼ ZT
o

2h
ovob

� K
o

2h
ov2

� �
ð45Þ

As Fig. 12 shows, the propagation of the thermal wave
actually depends on K in the moving frame attached to the
medium in motion under different ZT values, which is obvi-
ously unphysical. There exists clear phase shifts in connec-
tion with K in the spatial temperature distributions: The
temperature curves with positive K values lags behind the
reference curves with zero K, while the ones with negative
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K values precedes the reference curves. It is also found that
the phase differences are the sole product of K, with
increasing K predicting larger phase differences. Namely,
no connection is detected between phase differences and
ZT (see Fig. 12a–d). Such singularity indicates that, in
the moving body, the generalized thermal waves transmit
apparently faster if the heat transports in the opposite
direction of the moving medium (K < 0), whereas in con-
trast they appear to be slower if the heat and the medium
in which the conduction process occurs happen to move
in the same direction (K > 0). The above findings are
clearly at odds with Galileo’s principle of relativity. There-
fore, it is pretty obvious that directly applying the DPL
heat conduction model in convective heat transfer may lead
to erroneous results. It is worth noting that, only the results
for ZT < Zq are available in Fig. 12 because no discernible
pattern, such as the clear and simple phase shift, can be rec-
ognized in association with the dimensionless velocity K for
the case of diffusion (ZT = Zq) or over-diffusion (ZT > Zq).
Strong high-order effect attributed to large ZT values (see
Eq. (37)) brings drastic variations onto the temperature dis-
tribution curves in the presence of even small fluctuation of
K, which is beyond the scope of the paper.

So as to alleviate this physical defect, we replace the par-
tial time-derivatives in the Taylor expansion form of the
DPL model with the material derivatives defined in Eq.
(28) in a similar way that Christov and Jordan [32] treated
the thermal wave model. The modified DPL model in a
moving medium is thus given as

1þ sq
o

ot
þ u � r

� �� �
q ¼ �k 1þ sT

o

ot
þ u � r

� �� �
rT

ð46Þ

Combining Eq. (46) and the one-dimensional energy con-
servation equation with the same assumptions we have
made so far (no viscous dissipation, internal heat genera-
tion or compressibility effect, along with constant thermal
properties and constant moving velocity), then repeating
the previous operation of non-dimensionalization leads to
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oU
ob
þ K

oU
on
þ Zq

o2U

ob2
þ 2ZqK

o2U
obon

þ ZqK
2 o2U

on2

¼ o2U

on2
þ ZT

o3U

obon2
þ ZT K

o3U

on3
ð47Þ

Under the Galilean transformations defined in Eqs. (33)–
(36), the above rather complicated equation can be reduced
to a surprisingly simple form

oh
ob
þ Zq

o
2h

ob2
¼ o

2h
ov2
þ ZT

o
3h

obov2
ð48Þ

which also coincides with Eq. (41), the heat conduction
equation in the resting body. The effect of K is completely
eliminated from the heat transfer process in the kinetic
frame moving with the medium, which provides evidence
more than enough that the modified form of the DPL mod-
el is strictly Galilean invariant.

In general three-dimensional form, the modified DPL
model in the material framework (Eq. (46)), along with
the mass conservation equation (Eq. (27)) and the energy
conservation equation (Eq. (29)) constitutes a group of
governing equations for non-Fourier convective heat trans-
fer (with velocity field assumed known)

oq
ot þr � ðquÞ ¼ 0

1þ sq
o
ot þ u � r
� �
 �

q ¼ �k 1þ sT
o
ot þ u � r
� �

rT

 �

qcp
o
ot þ u � r
� �

T þr � q ¼ 0

8><
>: ð49Þ

In a frame moving with constant velocity V (V and u could
be different), we have

v ¼ r� Vt ð50Þ
t ¼ t ð51Þ
Xðv; tÞ ¼ T ðr; tÞ ð52Þ
Wðv; tÞ ¼ qðr; tÞ ð53Þ
vðv; tÞ ¼ u� V ð54Þ
P ðv; tÞ ¼ qðr; tÞ ð55Þ

where v denotes the relative velocity of the moving frame to
the medium in motion. By introducing these variables into
Eq. (49), the governing equations of the heat convection
process under the modified DPL model in the moving
frame is hence derived as

oP
ot þr � ðPvÞ ¼ 0

1þ sq
o
ot þ v � r
� �
 �

W ¼ �k 1þ sT
o
ot þ v � r
� �

rX

 �

Pcp
o
ot þ v � r
� �

Xþr �W ¼ 0

8><
>:

ð56Þ
which once again takes the same form as Eq. (49). We are
thus assured that the modified DPL model (with the partial
temporal derivatives replaced by the material derivatives)
complies with Galileo’s principle of relativity. That is, gen-
erally speaking, the mechanism of energy transportation
process in a moving medium remains unchanged in any
inertial frame of reference. Such governing equations (Eq.
(49)) could be of tremendous practical worth in describing
the heat transfer process in forced flow of superfluid he-
lium, where non-Fourier thermal behaviors (including ther-
mal wave and diffusion-like [2] mechanism) have to be dealt
with properly.

5. Conclusions

A number of interesting non-Fourier thermal behavior
under the dual-phase-lag model in response to various ini-
tial and boundary conditions are investigated numerically
in this study. The analytical process employs a high-order
explicit TVD scheme based on characteristics. A number
of irregularities in the heat conduction are detected and
analyzed. The following conclusions are drawn:

1. Under the mode of over-diffusion (sq < sT), the DPL
model predicts a ‘‘hyper-active” to ‘‘under-active” ther-
mal behavior due to the fact that sT exerts different
effects on the heat conduction throughout the transient
process. The diffusion-like behavior related to sT acts
as a promoting force at the early stage of heat conduc-
tion after the initial thermal balance is broken ascribed
to the surface thermal disturbance, and then gets more
and more impeding as new equilibrium is being
established.

2. For sq > sT (when wave nature in the heat conduction is
still observable), negative-temperature thermal wave
reflection can be obtained if boundary temperature is
hold constant. This phenomenon is analogous to the
polarity change of displacement for reflected mechanical
waves at a fixed-end boundary. Its direct implication
states that heating process may turn into cooling effect
in the framework of the DPL model. On the other hand,
reflected thermal waves assume negative heat fluxes if
adiabatic boundary condition is present, which is similar
to the polarity change of stress for reflected mechanical
waves at a free-end boundary.

3. A localized thermal accumulation that is closely related
with sT is detected during an on–off periodic heating
process, which differs from the well-known thermal con-
centration effect that the thermal wave model predicts.
The underlying cause for the former phenomenon is
associated with the dispersive effect that sT brings into
the thermal wave propagation, whereas the latter is the
product of wave superposition.

4. Direct application of the DPL model into the convective
heat transfer may lead to physically unrealistic results
that explicitly violate Galilean invariance. A modified
version of the DPL model with the material derivatives
is proposed to describe the relations between the heat
flux and the temperature gradient if the medium is in
motion. Such description may be of benefit in solving
practical problems, such as forced flow of superfluid
helium.

The dual-phase-lag model, as a general solution aiming
at covering various thermal behaviors ranging from micro-
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to macro-scale heat transfer, shows great promise and
potential for offering a unified approach to heat transport
problem in day-to-day engineering practice. The physical
anomalies that we presented in detail in this paper are
meant to provide us better insights into the unique and
exciting physical properties the DPL model possesses, the
experimental validation of which, however, should be the
focus of our future research.
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